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EXTENDED SOLUTIONS OF THE HARMONIC MAP EQUATION IN THE 

SPECIAL UNITARY GROUP 

NUNO CORREIA AND RUI PACHECO 



Abstract. We classify all harmonic maps of finite uniton number from a Riemann surface 
into SU(n) in terms of certain pieces of the Bruhat decomposition of f2 a i g SU(n), the subgroup 
of algebraic loops in SU(n). We give a description of the "Frenet frame data" for such harmonic 
maps in a given class. 



1. Introduction 



Harmonic maps from a Riemann surface into a Lie group G, with Lie algebra g, correspond 
to certain holomorphic maps, the extended solutions, into the group QG of based smooth loops 
in G [14| . If the Fourier series associated to an extended solution $ has finitely many terms, we 
say that $ and the corresponding harmonic map have finite uniton number. It is well known 
that all harmonic maps from the two-sphere have finite uniton number |14j . 

When G has trivial center, Burstall and Guest [Tj have classified harmonic maps with fi- 
nite uniton number from a Riemann surface M into G in terms of the pieces of the Bruhat 
— l. | decomposition of 

^D ' 

CSj ' f^aigG = {76 QG I 7 and 7 have finite Fourier series}. 

^" ' 

_il ■ More precisely, each piece of the Bruhat decomposition coincides with the unstable manifold 

associated to the flow of the gradient vector field of a certain Morse-Bott function defined on 
the Kahler manifold f2 a i g G; these unstable manifolds are parameterized by the elements of a 
certain integer lattice 3(G) in q; any extended solution with finite uniton number takes values, 
off a discrete subset of M, in one of these unstable manifolds, and so corresponds to some 
element £ G 3(G); when G has trivial center and maximal torus with dimension n, there is a 
finite subset S can (G) of the integer lattice 3(G) with 2™ elements so that any harmonic map 
from M to G corresponds to an extended solution with values, off a discrete subset, on the 
unstable manifold associated to some canonical element £ G H can (G). Among such extended 
solutions, a distinguished type is that of S 1 -invariant extended solutions, which correspond to 
harmonic maps admitting super-horizontal holomorphic lifts into a certain twistor space. For 
example, all harmonic spheres in S n and CP 71 arise in this way (see [7J and references therein). 
In the present paper, we classify all harmonic maps with finite uniton number from M into 
the special unitary group SU(n) and corresponding inner symmetric spaces, the Grassmannians 
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2 NUNO CORREIA AND RUI PACHECO 

Gr(/c, n) of /c-dimensional subspaces of C n , in terms of certain pieces of the Bruhat decomposi- 
tion of f2 a i g SU(n). For that we use the results of [6J in order to generalize the notion of canonical 
element of 3(G) to the case where G has not necessarily trivial center (recall that the center 
of SU(n) is isomorphic to the cyclic group Z n ). Moreover, in the setting of the Grassmannian 
model for loops groups [TT] we give a description of the "Frenet frame data" for such harmonic 
maps in a given class. The Grassmannian model for loop groups was exploited for the first time 
in the study of harmonic maps into the unitary group U(n) by Segal [12] . More recently, the 
Grassmannian model has been used in the study of harmonic maps into other Lie groups and 
their inner symmetric spaces jSHHHUB]- We remark that Ferreira, Simoes and Wood [8J estab- 
lished an algebraic formula for all harmonic maps with finite uniton number from a Riemann 
surface M into the unitary group U(n) in terms of freely chosen meromorphic functions on M 
and their derivatives. Since any such harmonic map has constant determinant, this formula 
can be easily applied in order to obtain all harmonic maps with finite uniton number from M 
into SU(n). However, it does not clarifies how to choose the meromorphic functions in order 
to produce harmonic maps associated to extended solutions in the class of a given element 
£ £ S can (SU(n)). In this paper we shall see how to do that in the case of harmonic maps 
associated to S ^invariant extended solutions. 

2. Grassmannian model for loop groups 



Let us start by recalling from Pressley and Segal [TT] some standard definitions and facts 
concerning the Grassmannian model for loop groups. 

Fix on C n the standard complex inner product (■, ■) and let e±, . . . ,e n be the standard basis 
vectors for C n . Given a complex subspace V C C n , we denote by iiy the orthogonal projection 
onto V. Let H n be the Hilbert space of square-summable C n - valued functions on the circle and 
(-,-)h the induced complex inner product. This is the closed space generated by the functions 
A I—?- A*ej, with i G Z and j = l,...,n. Consider the closed subspace if? of H n defined 
by if? = Span{A*ej | i > 0, j — 1, . . . , n}. Let Grass(H n ) denote the set of all closed vector 
subspaces W C H n such that: the projection map W —¥ if? is Fredholm, and the projection 
map W — > if ?_ is Hilbert-Schmidt; the images of the projection maps W 1 - — > H™, W — > H™ 
are contained in C 00 ^ 1 ; C n ). Define 

Gr n = {W e Grass(H n ) | XW C W}. 

The action of the infinite-dimensional Lie group AU(ra) = {7 : S 1 — > U(n) | 7 is smooth} on 
Gr n defined by jW = {7/ | / G W} is transitive. By considering Fourier series, it is easy to 
see that the isotropy subgroup at if? is precisely U(n). Hence Gr n = AU(n)/U(n) — QXJ(n). 
This homogeneous space carries a natural invariant structure of Kahler manifold. 

Remark 2.1. Given W G Gr n , then dimPFGAH^ = n, where WQ\W denotes the orthogonal 
complement of XW in W, and the evaluation map ev^ : W AW :— > C n at A G S 1 is a unitary 
isomorphism. If we choose an orthonormal basis for W XW, {w\, . . . , w n }, we can put the 
vector- valued functions Wi side by side to form an (n x n)-matrix valued function 7 on S 1 , that 
is, a loop 7 G AU(ra). It can be shown that W = jHVi. 

A loop 7 G Q\J(n) is said to be algebraic if both 7 and 7 _1 have finite Fourier series. Denote 
by fiaigU(n) the subgroup of algebraic loops. This subgroup acts on 

Gr" = {W G Gr n | X k Hl C^C A" fc if™ for some k G N}, 
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and we have Gr al = fl a \ g l](n). Given r < k, we set 

k 

fi*U(n) = {7 € fiai g U(n) I 7 (A) = £>*<}, 

i=r 

where the coefficients 73 are constant (n x n)-complex matrices. If G is a subgroup of U(n), 
we shall denote by Gr(G) the subspace of Gr™ that corresponds to QG and by Gr a i g (G) the 
subspace of Gr(G) that corresponds to n a i g G. 

3. The Bruhat Decomposition of Gr alg (G) 

Next we describe the Bruhat decomposition for algebraic loop groups. For more details we 
refer the reader to [lj and [llj. 

Consider a compact matrix semi-simple Lie group G. Fix a maximal torus T of G with Lie 
algebra t C g, let A C \f— It* be the corresponding set of roots and denote by g a the root space 
of a G A. The integer lattice 3(G) = (27r) _1 exp _1 (e) fl t may be identified with the group of 
homomorphisms S 1 — > T, by associating to £ G 3(G) the homomorphism 7^ defined by 75(A) = 
exp (— a/— lln(A)£). Let Hi, ... , H^ G t be dual to the positive simple roots a 1? . . . , a^ G A + 
of g c : ai(Hj) = \/— 1 Sij. By applying the well-known formula Ad(exp(7/)) = exp(ad(r/)), for 
all r\ G g c , we can easily check that the integer lattice 3(G) is contained in %}i\ © ... © 'LH^. 
Denote by g} the a/— 1 i-eigenspace of ad£, with i G Z. We have on g c the structure of graded 
Lie algebra: 

C = & [&$cgl 

te{-r(0...,r(0} 



k+ji 



where r(£) = max{« | gf ^ 0}, and 

(1) Sf= © Sa- 

Set A + G c = {7 : S l — > G c I 7 extends holomorphically for |A| < 1}. For each £ G 3(G), we 
write Q^ = {g^^g^ 1 \ g G G}, the conjugacy class of homomorphisms S 1 — > G which contains 
75. This is a complex homogeneous space: 

Q^ =* G c /P € , withP c = G c n 7 C A + G C 7^- 

Taking account that 'j^Xj'jT 1 = X-'Xj for each Xj G g| (this is a direct consequence of the 
formula Ad(exp(r/)) = exp(ad(i/)), for all 77 G g c ), one can easily check that the Lie algebra of 
the isotropy subgroup P^ is precisely the parabolic subalgebra p^ = @j <0 g^ induced by £. 

Now, fix a positive set of roots A+ C A and set 7(G) = {£ € 3(G) | a(f ) > for all a G A+}. 
We have: 

Theorem 3.1. [llj Bruhat decomposition: Gr a i g (G) = Ufea'(G) ^ai gG C 7£-^+- 

Define t/^(G) C fi a i g G by U^(G)H^ = A^ G jgH™. This is also a complex homogeneous 
space of A^j G c with isotropy subgroup at 7^ given by A^ G c fl 7^A + G C 77 1 . Moreover, U^(G) 
carries the structure of holomorphic vector bundle over Q^ whose bundle map u^ : U^(G) —¥ Q^ 
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is precisely the natural map [7] >— > [7(0)]. The holomorphic tangent bundle of U^(G) is given 
by 

(2) T^G) = A a + lg G c x AigGCn7$A+G c 7f 1 A+//A+/ n 7 € A + fl V 

In terms of the Grassmannian model, the bundle map u^ : U^(G) — > Q^ can be described 
as follows. Take 7 G U ( (G) and W = jH% G Gr alg (G), with A r F^ C W C A~ s #£. Fix 
* G A+ G c such that W = ^^ H +- Write 



rn 



^H n + = \~ s Ai s + ... + A^^ti + A r ^ 
where the subspaces A\ define a flag 

(3) {0} = Ai s _ x C Al s C Ai s+1 C . . . C 4_ x CAf = C\ 
Set ^ = #(0)i4f = ft(W n AVffJ), where ft : # n ->■ C n is defined by 

(4) *(][>'< 
Then 



'%, 



(5) u c (iy) = \- s a„ s + ... + A r_1 A-_i + A r if£. 

Following [6], consider the partial order ^ over T(G) defined by: £ ^ £' if p^ C p^ for all 
i > 0, where pf = © 7<i 0f- Given two elements £, £' G 3'(G) such that £ H £', it can be shown 
[6j that 

A+ g G c n 7 5 A + G C 7^ 1 C A+ g G c n 7^A + G C T ^- 

This allows us to define, for £ ;< £', a A^ G -invariant fibre bundle morphism W^ £/ : U^ — >■ C/^/ 
by 

Since the holomorphic structures on U^(G) and L^'(G) are induced by the holomorphic structure 
on At G c , the fibre-bundle morphism U^g is holomorphic. 

4. Harmonic maps into a Lie group 

4.1. Extended solutions. Let M be a Riemann surface and <£> : M — > G C U(n) a map into 
a compact matrix Lie group. Equip G with a bi-invariant metric. Define a = (p~ l dip and let 
a = a' + a" be the type decomposition of a into (1, 0) and (0, l)-forms. It is well known [H] 
that (p : M — > G is harmonic if and only if the loop of 1-forms given by 

(6) a x = a H —a 

satisfies the Maurer-Cartan equation da\ + \[o>\ A ot\] = for each A G S 1 . Then, if M 
is simply connected and tp is harmonic, we can integrate to obtain a map $ : M — > QG, 
the extended solution associated to (p, such that a\ = Q^dQx and $_i = (p. Conversely, if 
$ : M — > QG is an extended solution, that is if it integrates a loop of 1-form of the form fl6]), 
then if = $_! : M — > G is harmonic. 

Theorem 4.1. [lj Let $ : M — > fi a igG be an extended solution. Then there exists some 
£ G T(G), and some discrete subset D of M, such that $(M \ D) C C%(G). 



EXTENDED SOLUTIONS IN THE SPECIAL UNITARY GROUP 5 

Given a smooth map $ : M \ D ->■ £/ ? (G), consider * : M \ D — >■ A+ lg G c such that 
$#™ = # 7e F£ . Clearly, ^ 7s = $6 for some 6 : M\D -» A+ g G c . Write 

tf -1 ^ = ^ A^A', tf -1 * * = ^ ATf A*. 

i>0 i>0 

Proposition 4.4 in [TJ establishes that $ is an extended solution if, and only if, 

(7) ImXi C p| +1 , ImXf C p|, 

where pf = ® 7 -<iflf- The second condition says that $ : M\ D — > U^(G) is holomorphic. 

The bundle morphism U^g and the bundle map u^ are well behaved with respect to extended 
solutions: 

Theorem 4.2. [6] Given an extended solution $ : M \ D — )■ £/g (G) and an element £' G 3'(G) 
snca iaai £ ^ £', iaen W^'($) = W^ o $ : M \ D — > U^>{G) is a new extended solution. 

Theorem 4.3. [lj // $ : M \ D — > U^(G) is an extended solution, then u% o $ : M \ D — )■ f^ is 

an extended solution. 

An S 1 -invariant extended solution is an extended solution which takes values in fi^, for some 

e e T(G). 

4.2. Harmonic maps into inner G-symmetric spaces. Given a compact (connected) Lie 
group G, each connected component of y/e = {g G G | g 2 = e} is a compact inner symmetric 
space Pp. Conversely, any compact (connected) inner G-symmetric space may be immersed in 
G as a connected component of y/e. Moreover, the embedding of each component of y/e in G is 
totally geodesic. Hence harmonic maps into G-inner symmetric spaces can be viewed as special 
harmonic maps into G. 

As in PQ, define the involution X : QG -> QG by X( 7 )(A) = 7(-A) 7 (-l)- 1 . Write 

Q X G = { 7 G QG | X( 7 ) = 7 } 

for the fixed set of X. Let M be a Riemann surface and $ : M — > Q X G an extended solution. 
Then tp = $_i defines a harmonic map from M into a connected component of y/e. Conversely, 
if (p : M — > y/e is a harmonic map, there exists an extended solution $ : M — )■ fFG such that 
<£> = $_i. Under the identification f2G = Gr(G), X induces an involution on Gr(G), that we 
shall also denote by X, and Q X G can be identified with 

Gr x (G) = {W G Gr(G) | if s(A) G W then s(-A) G W}. 

Corresponding to the extended solution $ : M — )■ f2 x G, consider PU = $//+ : M — >■ Gr (G). 

For each £ G 3'(G) we can associate the symmetric space N^ = {(7 7 ^( — 1)^7 X I g £ G}. If an 
extended solution takes values in Uf(G) = U^(G)r\Q x G, then the corresponding harmonic map 
takes values in N%. Observe that, for £ and £' in 3'(G), if £ — £' G 3 2 (G) := tt -1 exp _1 (e) fl t, 
then N% = N^. Moreover, as shown in j6], if £ ^ £', then U^i(Ul(G)) C Uf,(G). To sum up, if 
we define a new partial order -<x in 3' (G) by 

i<xt! if ^r and e-e'eJ 2 (G), 
the following holds: 

Proposition 4.4. If £ ^ x £' , then U^(Uf(G)) C Uf,(G) and N^ = N?. 
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4.3. Extended solutions from the Grassmannian point of view. Let W : M —¥ Gr(G) 
correspond to a smooth map $ : M — ¥ QG under the identification QG = Gr(G), that is 
W = $if™. Segal |12] has observed that $ is an extended solution if, and only if, W is a 
solution of equations: 

(8) W z C A _1 W, 

(9) W- z C W. 

Condition (jHJ) means that, in any local complex coordinate z, || (z) is contained in the subspace 
X^ 1 W{z) of H n , for every (smooth) map s : M — > if n such that s(^) G W(z). Inspired by 
[2] (Section F of Chapter 8), we call (jHJ) the pseudo-horizontality condition. Condition (Q is 
interpreted in a similar way and states that W is a holomorphic vector subbundle of M x H n . 

Remark 4.5. Consider some discrete set D C M, an element £ G J'(G) and an extended 
solution $ : M \ D — > U^(G). As explained in Remark 2.5 of [5], the bundle W = $iJ™ can be 
extended holomorphically to M, and, consequently, $ defines a global extended solution from 
M to fialgG. 

If $ : M \ D ->■ £^(G) is an extended solution and W = $#+, then w^W 7 ) = w ? o $iJ™ is 
given pointwise by (|3]) and we get holomorphic subbundles A, of the trivial bundle C n = M x C™ 
such that 

(10) 0C4_ S C...C A r _i C4 r = C n . 

The pseudo-horizontally condition implies that A iz C Aj + i, that is, following again the termi- 
nology of [2J , the flag of holomorphic vector bundles (TTUj) is super-horizontal. 

4.4. Normalization of extended solutions. The following theorem, which is a generaliza- 
tion of Theorem 4.5 in [lj, is fundamental to the classification of extended solutions. 

Theorem 4.6. [6] Let $ : M \ D ->■ U^G) be an extended solution. Take f G 7( G ) 
siic/i t/iat £ 2< £' and 0o = So ■ 27ien t/iere exists some constant loop 7 G fi a i g G smc/j that 
T$'.M\D->U e (G). 

A similar statement holds for extended solutions associated to harmonic maps into symmetric 
spaces: 

Theorem 4.7. Let $ : M \ D — > Uf(G) be an extended solution. Take £' G 3'(G) such that 
£ ^1 £'■ Then there exists some constant loop 7 G ^figG sttc/i that 7$ : M \ D — > Uf,(G). 

Proof. We can write <$>H™ = tyj^H™, where \& : M \ D — ¥ A^j G c contains only even powers 
of A, and consequently \E f_1 \I/ 2 = Yuixt-^i^ contains only even powers of A. The extended 
solution equation fl7|) gives lmX' 2j C p| j+1 for all j > 0. Set £ = £-£' G 3 2 (G). Clearly £ ^ |, 
hence pL+i — P23+1 f° r an i — 0- On the other hand, since a(£) = 2\/— 1Z for any positive 
root a, we have g|j+i = an d 5 consequently, p|j+i = pfj- Hence, 

Im*- 1 ^ c 0pi +1 A 2 ^ c 0„f,A* c A^fmsA+frj 1 . 

Taking account (J2J), we conclude that i4|($) is anti-holomorphic. On the other hand, since 



any extended solution is holomorphic and $ is an extended solution, Theorem 14.21 asserts that 
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W, ;($) is also holomorphic. Being both holomorphic and anti-holomorphic, it must be equal 
to a constant loop 7 _1 . By Proposition 14.41 we have 7 _1 G Q-^ G. Write ^7; = 7 -1 o, for some 
map b: M ->■ A+G. Then 

$#« = ^ 7? //« = 7- 1 6 7 7 1 7€ if™ = 7 - 1 6 7? ,^, 
which implies that 7$ takes values in Uj,{G). □ 

Given £ = ^riji/j and £' = Y2 n i-Hi i n 3'(G), we have nj,7ij > and observe that £ z^ £' if 
and only if 7^ < n^ for all z. For each / C {1, . . . , &}, define the cone 

k 

£1 = { J2 niHi \ Hi - °> n i = ° iff ^ J }- 

Definition 4.8. Let £ G 3'(G) fl £/. VFe say i/iai ^ is a /-canonical element of q with respect 
to A + if it is a maximal element of (3'(G) fl (£j, z<), i/iai is, if £ z< £' and £' G J'(G) fl £/ then 
£ = £'. Similarly, we say that £ is a symmetric canonical element of Q with respect to A + if it 
is a maximal element of (3' (G), -<■£) 

When G has trivial center, which is the case considered in [TJ, the duals Hi, ... , Hk belong to 
the integer lattice. Then, for each I there exists a unique /-canonical element, which is given 

Theorem 4.9. Let $ : M -> fi a i g G fre an extended solution. There exist a constant loop 
7 G O a i g G 7 a subset I C {1, . . . , A;}, a I-canonical element £' and a discrete subset D C M, 
snc/i e/ioi 7$(M \ Z>) C L^(G). 

Proof. Take D G M and £ G 3'(G) in the conditions of Theorem 14.11 Write £ = X]j=i n *-^*' 
with rij > 0, and set / = {i|ri,j > 0}. By Zorn's lemma, there certainly exists a /-canonical 
element £' such that £ z< £'. On the other hand, from p]) we see that 0o = So • H ence the result 
follows from Theorem 14.61 □ 

Theorem 4.10. Let $ : M — > ^ a i g G be an extended solution with values in Ul(G), for some 
£ G y{G), off a discrete set D. There exist a constant loop 7 G ^LG and a symmetric 
canonical element £' such that 7$(M \ D) C Uf,(G) and N^ = N^. 

Proof. By Zorn's lemma, there certainly exists a symmetric canonical element £' such that 
£ Z^x £'. The result follows from Proposition 14.41 and Theorem 14.71 □ 

4.5. Frenet frame data for extended solutions into f2 a i g U(?2). Given a finite collection 
{sj} of meromorphic sections of the trivial bundle C n = M x C n , we obtain an holomorphic 
bundle away from a discrete subset of M, and we can fill in holes to extend it to subbundle E 
over M of C n . In this case, we denote E = Spanjsj}. Reciprocally, any holomorphic subbundle 
E of C n has a global meromorphic frame {si, . . . , s^}, with k = rank/?, as explained in [13J. 
For i > 0, the (i)-th osculating bundle of E is the subbundle E® of C n spanned by the local 
holomorphic sections of E and their derivatives up to i. We also define the (—i)-th osculating 
bundle of E as the subbundle E^ 1 ' of C n spanned by the local holomorphic sections of E whose 
derivatives up to i are also local sections of E. Let Qe = rank/^ 1 ) — rank/? and r^ be the 
remainder of the positive integer division of rank/? by g^: rank/? = qEgE + Te- 
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As Guest [9\ has observed, any smooth map W : M —¥ Gr n corresponding to an extended 
solution $ : M — > Qfa( n ) is generated by a certain holomorphic subbundle X, a Frenet frame 
of $, of the trivial bundle M x \ r H + /\ k H + by setting 

(11) W = X + AX (1) + . . . + \k-r-l X (k-r-l) + A ^ + 

Hence any extended solution $ : M — ¥ f2 a i g U(n) can be obtained by applying a finite number of 
algebraic operations on sets of meromorphic functions on M, since X can be chosen arbitrarily. 
In (8J [13] the authors established explicit algebraic formulae relating Frenet frames X with 
different classes of uniton factorizations of harmonic maps. Next we will give a description 
of the Frenet frames associated to extended solutions with values in a fixed piece L^(U(n)) of 
the Bruhat decomposition of fi a i g U(n) and we establish a pure algebraic method to obtain all 
S ^invariant extended solutions with values in a fixed Q^. 

Choose a local complex coordinate z and a local section s of E. Differentiating ttJjj(s) = 
0, where 7rjjj is the orthogonal projection onto E 1 - , we get tt^(s z ) = — (vr^) z (s). Hence the 
association s i— > tt^(s z ) defines a local vector bundle morphism Ae '■ E — > E L , which, following 
[3], we call the d' -second fundamental form of E in C n , whose kernel and image do not depend 
on the choice of the local coordinate z. It follows from the linearity of the <9'-second fundamental 
form that: 

Lemma 4.11. Let E be a holomorphic vector subbundle of C n . 

a) For all i > 1, E^~ l > = ker.A E (-;+i) is locally spanned by those sections s of E solving the 
following system of algebraic linear equations: (V^^)) z (s) = for all j — 0, . . . , i — 1; 

b) (?£M < gE an d r&nkE^ < r&nkE + igs for all i > 1 (the equalities hold for i = I); 

c ) <7e(-») < 9e o,nd r&nkE^ 1 ^ > r&nkE — igE for all i > I (the equalities hold for i = I); 

d) For each g > gE, there exists a super-horizontal flag of holomorphic subbundles 

(12) E_ q C E_ q+1 C...CE„ X CE = E, 

such that rank £Lj = ranki? — z<?, where the integer q < qE is the quotient of the positive 
integer division of rank £7 fry g: ranki? = qg + r. 

Proof. For example, since E^' l ^ l "> = ker .4.£(-o , we have, for all i > 0, 

<7 B (~i) = rank mv4. B (-i) = rank coutuAec-j) = rank£ ,( - _l - ) — rankE ,< -~*~ 1 ' ) . 

On the other hand, since the image of A E (-i-i) is contained in E^~^ E^ l ^ l \ for all i > 0, we 
also have <jfjg(-i-i) < ranki^ - *) — rankE 1 ^ 4 " 1 ). Hence, for all z > 0, gf^c-o < gE- 

To construct a flag (Tl2|) . start by taking an arbitrary holomorphic subbundle £Li C E^ 1 ^ 
with rank .EL i = rankE 1 — g < rankE 1 — gE = rank.E( _1 L Clearly, 

(13) gE_ r = rank .El-/ — rank.E_i < r&nkE — rank.E_i = g. 

Hence 

r&nkE_ 1 = rank EL i — gE_ x > r&nkE — 2g, 

and we see that there exists a holomorphic subbundle EL 2 of E>_~[ with rank EL 2 = rank E — 2g. 
Proceeding recursively we find after q steps a super-horizontal flag of holomorphic subbundles 

(ED. □ 

The following construction is fundamental for our purposes: 
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Lemma 4.12. Let T C E be two holomorphic subbundles of C n . Fix a positive integer g, with 
g > raax{gT , g e} , o,nd assume that, for some i,j > ; we have T^ C E^~*' . Given an integer 
d with rankT^) < d < iaiikE^~ l \ any holomorphic subbundle F satisfying T^' C F C E^ l \ 
rankF = d, and g E < g, arises as follows: 

a) Setko = m&x{k \ d—kg > rankT^~ k '} andr§ = d—kog—iankT^^^. Chooser^ linearly 
independent meromorphic sections Si, . . . , s ro of E^-~ l ~ koS> so that the holomorphic vector 
bundle 

(14) F_ k0 = T^ fc °) + Span{5i, ...,s ro } 

has rank d — k g. Independently of the choice of these meromorphic sections, we have 
9F_ h0 < 9- 

b) Choose r x = d— (k^ — l)g— rankF_ fc meromorphic sections s ro+ i, . . . , s ro+ri of E^ l ^ ko+1 ^ 
so that the holomorphic vector subbundle 

F-k +i = F_ ko + Span{s ro+ i, . . . , s ro+ri } 

has rank d — (k — l)g. We have g E _ k < g. 

c) Repeat this procedure ko times to find a super-horizontal flag of holomorphic subbundles 
F- ko C . . . C F_i C F = F, with 

(15) E_ ko +i = F_ ko+l _ 1 + Span{s ro+ ... +n _ 1+ i, . . . , s n)+ ... +n _ 1+n }, 

ri = d — (ko — l)g — i&nkF_ k +l _ t and rank F-^+i = d — (/co — l)g- 

Proof. Since d < ranki*^ -1 ) and g E (-i) < g E < 9, by Lemma [4.111 inequalities 

d-kg < rank£ (_i) - kg E{ - l} < rank£ ( ^~ fe) 

hold for each k > 0. Hence we can always take ro > linearly independent meromorphic 
sections of _E , (~ l ~ fe °) so that .F_fc defined by (fT4"|) has rank d — k$g. We have to check now that 
gp_ k < g. By definition of k we have d — (k + l)g < rankT^ - ^ 1 ). Then, 



9f. 



< 9TU-k ) +r = g T u-k 0) + d - k g - rankT ko) 

< 9-rU-ko) +g~ (rankT (j - fco) - rankT^ " 1 )) = g T o^ o) +g- g T{] ^ o) = g. 



Since F-k Q ker Ap_ k +1 , then g E _ k < rankF_fe 0+ i — ranki 7 !/^ = g. On the other hand, it 
is clear that r\ > 0. Hence the construction of item b) is possible and we can proceed recursively 
until find a super-horizontal flag of holomorphic subbundles F_ ko C . . . C F_i C F = F, with 
F-ko+i given by (fl3|) . where F is certainly in the required conditions. 

Reciprocally, any F as required certainly arises in this way. In fact, by Lemma [4.111 there 
always exists a super-horizontal flag of holomorphic subbundles F_ q C . . . C F_fe C . . . C 
F_i C F = F, with k = max{/c \d — kg > rankT^ - ^}. We can choose such sequence so that 



yC?- fc o) ^ F _^_ 



D 



Now we are in conditions to establish an algorithm to obtain all S 1 -invariant extended solu- 
tions with values in a given Q^. 
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Theorem 4.13. Fix £ G 3(U(n)) and consider the corresponding flag ([3]). Set di = dimA^ and 

hi = di + i — di. Any super- horizontal flag of holomorphic vector subbundles 

(16) {0} = A_ r _i C A- r C . . . C A fc _! C4 = C n 

wrain rank Aj = di arises as follows: 

a) Set I = min{hi \ % — — r — 1, . . . , k — 1} and m = max{z | / = hi}. Apply Lemma J^.12 
(with T = {0}, E = C n , d = d m and g = I) to find A m . 

b) Set l\ = min{/ij | — r — 1 < i < m}, m\ = max{i \ h = hi, —r — 1 < i < m}. Apply 
Lemma 4.1£\ (with T = {0}, E = A m , d = d mi and g = l\) to find A mi C A^ 



c) Set Zj = min{/ij | m < i < k — 1} and mj = max{z | Zj = hi, m < i < k — 1}, and app/y 
Lemma \4-.l^ (with T = A m , E = C n , d = d m . and g = If) to find A m . D A m 1 



d) Proceed recursively until obtain a flag of the form (fT6|) . 

Remark 4.14. In [1J, the authors introduce a method to obtain super-horizontal flags of 
holomorphic subspaces associated to a given element £ G 3'(G). However, their method involves 
integration of meromorphic functions. 

Finally, take a super- horizontal flag of holomorphic vector subbundles ffTBT) and the cor- 
responding S 1 -invariant extended solution W a- Take a meromorphic frame s\,...,s^ hX of 
Ak-i such that, for each i G {— r, . . . , k — 1}, si, . . . , Sd t is a meromorphic frame of A{ and 
S\, . . . , s^, s^+i, ■ ■ ■ , Sdi+ 9i is a meromorphic frame of A\ . The extended solution W , with 
values in U^(U(n)) and u^(W) = Wa, have Frenet frames of the form 

X = Span{ Sl A- r + ^iA" r+1 , . . . , s d _ r X~ r + w d _ r \- r+1 } 

k-2 

(17) + J2 Span{ Sdi+9i+1 A J+1 + w dl+gi+1 \ l+ \ • • • , ^ s+1 ^ +1 + w di+1 X +2 }; 

i=—r 

where, for each j G {1, . . . , c4_i}, Wj is a meromorphic section of M x H™/\ r+k H™. However, 
in the general case, these meromorphic sections Wj can not be chosen arbitrarily. For example, 
if si is a constant section, w[X~ r+2 becomes a section of W. So we have to impose that po(w[), 
whith po the projection defined by (jlj), has no orthogonal component onto A^ r+2 . In sections 
15.41 and 15.51 we shall discuss in detail some examples. 

5. Extended solutions in fiSU(n) 

5.1. Grassmannian model for fiSU(n). Consider the exterior product A of vectors in C" 
and extend it to H n as follows: if /, g G H n , then (/ A g){\) = /(A) A g(A). The loop group 
QXJ(n) acts on A n H n in the natural way: 

7 (/i A . . . A f n ) ■= 7/i A . . . A 7 /n = det( 7 )(/i A ... A f n ). 
The Grassmannian model of fiSU(n) is given by: 

Proposition 5.1. A subspace W G Gr™ corresponds to a loop in SU(n) if, and only if, it 
belongs to 

Gr(SU(n)) = {W G Gr n | A n W = A n Hl}. 
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Proof. If 7 G flSU(n), then it is clear that A n W = A n H™, since f2SU(n) acts trivially on the 
A n H n . Conversely, suppose that A n W = A n iJ™. For each A G S 1 , consider the isomorphism 
given by the evaluation map at A, ev A : W \W — > C n . Set 7(A) = ev A o ev^ 1 , which is a 
loop of ftU(n) and, by Remark [2U verifies W = jH^. By hypothesis A n (W \W) C A n i/™. 
Hence, ev^ 1 (ei) A ... A evj" 1 (e n ) G A n #". Since 

det(7)(ei A . . . A e n ) = 7(ei) A 7(e 2 ) A ... A 7(e n ) = ev A o ev^ei) A . . . A ev A o ev^ 1 (e„) 

= ev A (ev ] ; 1 (ei) A ... A ev^ 1 (e n )), 

it follows that det(7) is in H\_. 

Now, since A nr yH™ = A n i/™, we also have A n i/™ = A n j~ 1 H^.. Hence, by the same argument 
as above, det(7) _1 is in H+. On the other hand, the fact that 7 takes values in U(n) implies 
that det(7) _1 = det(7), which means that det(7) _1 is also in H\. This is possible if and only 
if det(7) is constant. Since 7(1) = e, we must have det(7) = 1. □ 

Proposition 5.2. If £ G 3(SU(n)) C 3(U(n)), then *7 e (SU(n)) = E^(U(n)). 

Proo/. Let 7 G t^(U(n)). Then 7L 7 ™ = ^7 € i/™ for some * G A^ g U(n). Hence 

(18) A" jH^ = A^^Hl = A n ^W^ = det(tt) A n W^ = det(tf) A n H\. 

Since \I> G AtU(n), det(\&) is polynomial in A, hence A n ^H r ^ C A n if™. Conversely, from (fT8"|) 
we see that 

A n #™ = det(^" 1 ) A n 7^; 

and since det(\l/~ 1 ) is also polynomial in A, we conclude that A n i/™ C A™7i/™. D 

In particular, if £ G J(SU(n)), all the extended solutions W : M\D — > L^(SU(n)) arise from 
a Frenet frame of the form (ITT)) without any further restriction on the choice of the meromorphic 
data. 

5.2. Canonical elements of SU(ra). Let Ei be the (n x n)-matrix whose (i,i) entry is a/— 1 
and whose other entries are all 0. The algebra of diagonal matrices 

is a Cartan subalgebra of su(n) c = sl(n, C). Let Li in the dual oft be defined by Li(%2 a jEj) = 
a/— Ioj. The corresponding set of roots A G \f— It* is given by A = {Lj — Lj : i,j = l,...,n} 
and A + = {Lj — Lj : i < j} is a set of positive roots. The positive simple roots are then the 
roots of the form oti = Li — Lj+i, with i — 1, . . . , n — 1, and the dual basis of t is formed by the 
matrices 

n — i n — i i i 

Hi = E\ + . . . H Lj -£/i + i — . . . L n . 

n n n n 

The Lie group SU(n) is precisely the simply connected Lie group with Lie algebra su(n) 

and its center is Z n . The integer lattice 3f(SU(n)/Z n ) is simply {^nji/j : rii G Z} and 

its /-canonical elements with respect to A + are the sums 5^iej-^»> with J C {l,...,n — 

1}. The /-canonical elements of SU(ra) are not so easy to identify. We need to find the 

integral combinations of the elements Hi which are in J'(G) D £/ (that is, elements which 

are simultaneously integral combinations of the elements Hi and of the elements Ei) and are 

maximal with respect to ;< For example, when n is odd, it is easy to check that £ = Hi + 
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H 2 + . . . + H n _i is the unique [n — l]-canonical element of SU(n) with respect to A + , where 
[p] = {1, . . . ,p}. But when n > 2 is even there always exist more than one [n — l]-canonical 
element. The following lemma is useful in order to describe all canonical elements of SU(n): 

Lemma 5.3. The integer lattice 3(SU(n)) is invariant with respect to the linear isomorphism 
X! : t € — )• t c defined by X\{Hi) = H n _i, with i G [n— 1]. When n = 2m + 1 is odd, 3(SXJ(n)) is 
also invariant with respect to the linear isomorphism \2 '■ t c — > t c defined by X2{Hi) = H 2 i and 
X2{H n -i) = E n -ii ifie{l,...,m}. 

Proof. As we have observed before, an element of t is in 3(SU(n)) if and only if its coefficients 
in E{ are integers. Hence, taking account that Hi = E\ + . . . + E{— -{E\ + . . . + E n ), an integer 
linear combination X^=i n iHi is in 3(SU(n)) if and only if Y17=i ~ * s an integer number, and 
this happens if and only if X^=i is integer. Hence 3(SU(n)) is invariant with respect to 

Xi- 

Assume now that n = 2m + 1. In this case, 



n— 1 . m m / ,\ m . m . m 

S—-\ IHi _ ^-^ lUi s—s [n — l)n n _i _ ^—v IHi s—-\ lU n _i s—-\ 



n * — ' n l — ' n * — ' n * — ' n 



i 



On the other hand, if we set 

n— 1 n— 1 



^2 n 'i H i = X2 ( J^ U i H i) = ^2 UiH2i + S Un ' iHn 



b n—i 11 n—2ii 
= 1 i=l i=\ 



we get 

(20) y^ = yM + y (»-AK- i =2 ym ! _ 2 y»V ! + y 

*-^ n *-^ n ^-^ n ^^ n ^-^ n ^— ' 

j=l i=l i=l j=l i=l i=l 

Comparing (J32J with (J2DJ we conclude that YTi=l ^r e Z if YTi=l feZ, that is J(SU(n)) is 
invariant with respect to X2- D 

For each i G {1, . . . , n— 1}, let m^ be the least positive integer which makes mj.£/j and integral 
combination of the elements E^. Since Hi — E\ + . . . + E± — -{E-y + . . . + E n ), rrii is precisely the 
denominator of the irreducible fraction equivalent to -. The canonical elements should then 

be sought among the elements of the finite set formed by the integral combinations Yl7=i n i^ii 
with rii G {0, . . . ,l7ii}, which are simultaneously integral combinations of the elements E t . For 
general n and I C {1, ... ,n — 1} it is too hard to list all the /-canonical elements. Next we 
will describe in detail the situation for the lower dimensional cases. We shall denote by 7Tj the 
orthogonal projection of C n onto the one-dimensional vector subspace of C n generated by the 
vector Ci. 

5.3. The case SU(2). In this case there is a unique simple root ot\ with dual H\ = \{E\ —E2), 
which does not belong to the integer lattice 3(SU(2)). Consequently £ = 2H\ is the unique 
non-trivial canonical element - the corresponding homomorphism is 75(A) = A _1 7Ti + Att^. If 
W : M \ D — > U^(S\J(n)) is a complex extended solution, then the corresponding S 1 -invariant 
solution is given by u^(W) = \~ X A + A + \H+, where A is a holomorphic subbundle of C . 
It follows from the super-horizontality property that A is a constant bundle. Hence, we have 
W = L + A + \H+, where L is a holomorphic line bundle of AX' 1 + A 1 - , with p_i(L) 7^ off 
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a discrete set of points, where p_i is denned as in (J2J). That is, any harmonic map of finite 
uniton number from M into SU(2) ~ S 3 arises from a constant direction A and a holomorphic 
line bundle of \~ 1 A + A 1 - ~ C 2 . This agrees with the well known result by Calabi jl] that 
asserts that any locally minimal immersion of a surface in an odd dimensional sphere S 2m ~ l 
is contained in a hyperplane of R 2m . In particular, no harmonic map of finite uniton number 
from M into SU(2) ~ S 3 is full. This means that any such harmonic map takes values in a unit 
two-dimensional sphere S 2 ~ CP 1 , that is, it corresponds to an holomorphic line bundle of C . 

5.4. The case SU(3). We have two simple roots, a,\ and a 2 , and three non-trivial canonical 
elements: 

£1 = Hi + H 2 = Ei — E 3 ; £ 2 = 3/fi = 2Ei — E 2 — E 3 ; £ 3 = 3H 2 = E\ + E 2 — 2E 3 . 

The corresponding homomorphisms are given by 

7 ?1 (A) = A _1 7r 3 + 7T 2 + Atti; 7 ?2 (A) = A -1 (vr 2 + vr 3 ) + A 2 tti; 7£ 3 (A) = A~ 2 vr 3 + A(tt 2 + 7Ti). 

If W^ : M \ D — y U^ l (SU(3)) is a complex extended solution, then the corresponding S 1 - 
invariant solution is given by u^ (WgA = \~ X B 3 + (B 2 © S3) + XHl, where B 3 is a holomorphic 
line subbundle of the holomorphic vector bundle B 2 @B 3 of rank 2. In order to construct all such 
extended solutions, and taking account the results of section 14.51 we start with a meromorphic 
section s 3 of C 3 and set B 3 = Span{s 3 }. If B 3 is not constant, we define B 2 = B 3 B 3 , take 
an arbitrary holomorphic section w 3 of C and set X^ = Span{A _1 s 3 + w 3 }. If B 3 is constant, 
we take an arbitrary meromorphic section s 2 . By adding a constant if necessary, s 2 and s 3 
are linearly independent and we set B 2 = Span{s 2 , s 3 } B 3 . Take an arbitrary holomorphic 
section w 3 of C 3 and set X^ = Span{A _1 s 3 + u> 3 , s 2 }. In both cases, X^ is a Frenet frame for 
an extended solution W (l : M\D -y C/ ft (SU(3)). 

If W^ 2 : M \ D — y L/f 2 (SU(3)) is a complex extended solution, then the corresponding S 1 - 
invariant solution is given by 

u&(W&) = A_1 ( fi 2 © B 3 ) + (B 2 © B 3 ) + \(B 2 © B 3 ) + \ 2 H%. 

By the super-horizontality property, B 2 © 5 3 is constant, and consequently B±, the orthogonal 
complement of A 2 © A 3 , is also constant. In order to construct all such extended solutions, 
fix a two-dimensional subspace with basis elements s 2 and s 3 . Take arbitrary meromorphic 
sections w 2 and w 3 of C 3 + AC 3 with vr Bl (p (w 2 )) and vr Sl (p (w 3 )) constants, where p is the 
projection defined by (jl]). Then X^ 2 = Span{s 2 A _1 + w 2 , s 3 A _1 + w 3 } is a Frenet frame for an 
extended solution W& : M \D — y L^ 2 (SU(3)), and all such extended solutions arise in this way. 
We observe that, taking account Lemma 3.17 and Proposition 3.18 of [T3], the corresponding 
harmonic map has uniton number one, in the sense that it admits an extended solution with 
values in f2U(3) of the form ixy + Xiiy, with V a holomorphic subbundle of C . The case W^ 3 
is similar. 



5.5. The cases SU(4) and SU(5). Table [T] shows all the non-trivial canonical elements of 
SU(4) and SU(5) up to the symmetries Xi?X2 of Lemma [5.31 

We describe how to construct, for £1 = Hi + 2H 2 + H 3 = 2Ei + E 2 — E 3 — 2E 4 , all the 
extended solutions W& : M\D -)■ %(SU(4)). We have 7 €l = A~ 2 7r 4 + A _1 7r 3 + A7r 2 + A 2 7Ti, 
and, consequently, 



m €i (W e J = \- 2 B\ + A" 1 (Bl © B\) + (B\ © B\) + A (B\ © B\ © B\) + \ 2 H 
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SU(n) 


\I\=n-l 


\I\=n-2 


\I\ =n-3 


J | = n -A 


n = 4 


Hi + 2H 2 + H 3 


2Hi + H 2 


AHi 






3H ± + H 2 + H 3 


Hi + H 3 


2H 2 




n = 5 


Hi + H 2 + H 3 + H4 


Hi + H 2 + AH 3 
Hi + m 2 + H 3 
2Hi + H 2 + 2H 3 
3Hi + 2H 2 + H 3 
5Hi + H 2 + H 3 


Hi + 2H 2 

3Hi + H 2 

Hi + H 4 


5Hi 



Table 1. Canonical elements for SU(4) and SU(5). 



where each vector subbundle B\ has rank one. The harmonic map associated to this S 1 -invariant 
extended solution is given by 



H>\ 



^B\®B\ — ^B\®B\- 



By super- horizontality, B\@B\ is a constant bundle. So, in order to construct all such extended 
solutions, we start by fixing a two-dimensional vector subspace V of C 4 generated by constant 
vectors u and v. Next take meromorphic sections: 

(1) si of V, and set B\ = Spanjsi} and B\ = V G B\ 



'4 1 



(2) s 3 of V^, and set B\ = Span{s 3 } and B{ =V_^Q B\; 

(3) wi of M x H\j\ z H%. 

If B\ is not constant, we can write s'[ = giSi + g 2 s[ for some meromorphic functions gi and g 2 
on M, with g[g 2 — g' 2 gi 7^ 0. In this case, X = Span{A~ 2 Si + \~ 1 Wi, Xs 3 } is a Frenet frame for 
an extended solution with values in ^(SU^)) if and only if 

7r B i o p (w" -giwi- g 2 w[) = 0. 

For ^ 2 = 3i?i + H 2 + H 3 = 3E X - E 3 - 2E 4l we have 7 & = \- 2 ir A + A -1 7T 3 + tc 2 + A 3 7r l5 and, 
consequently, 

+ {B\ ® B\ ® Bl) + A {Bl © B\ ® Bl) + A 2 {B\ ® B 2 Z ® Bj) + A 3 # 4 . 
The harmonic map associated to this S ^invariant extended solution is given by 



KbI®bI 

with E a rank two vector subbundle of C 4 , 



B\i 



Bl 



¥2 = ^B\®B\ ~ 

Although if 1 and ip 2 are both of the form tie — t^ei 

these vector bundles exhibit distinct geometrical behaviours. For example, whereas E 

has always constant (2)-osculating bundle, both E = B\ ® B\ and E L = B\ ® B\ can have 

non-constant (2)-osculating bundle. 

5.6. Symmetric canonical elements of SU(n). All the compact inner symmetric spaces 
of SU(n) are complex grassmannians Gr(k,n). The embedding l of Gr(k,n) as a connected 
component of ^fe is given by l(V) = 7Ty — iTy, where V G Gr(k,n) is A;-dimensional subspace 
of C n . There exists no non-trivial symmetric canonical element for SU(2). Table |2] presents 
all non-trivial symmetric canonical elements for SU(ra), with n = 3,4,5, up to the symmetries 
Xi,X2- As before, for each i G {!,..., n — 1}, let rrii be the least positive integer which 
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makes rriiHi and integral combination of the elements E{. The symmetric canonical elements 
should then be sought among the elements of the finite set formed by the integral combinations 
Y17=i n iHii with rii E {0, ... , 2m,i — 1}, which are simultaneously integral combinations of the 
elements E^. 

We use the usual hermitian inner product on C n to identify Gr(k,n) with Gr(n — k,n). It is 



easy to check that, for £ G J(SU(n)), N% 



N. 



xi (0 ■ 



However, in general, the symmetric space 



iV X2 (£) does not coincide with N%. For example, in SU(5) the two following situations can occur: 



for £ = 5.ffi, we have Xz(£) = 5i?2, 
i] = 3Hi + H 2 + 5H 3 , we have N v ■ 



N$ = Gr(l,5) and N X2(0 
iV X2( ,) = Gr(2,5). 



Gr(2, 5); on the other hand, for 



Gr(k,n) 


|/| =n- 1 


|7| =n-2 


\I\=n~3 


\I\ = n -4 


k — l,n — 3 


Hi + H 2 
4,Hi + # 2 


3ifi 






k = 2,n = 4 


3if i + H 2 + H 3 


2if i + # 2 

Hi + H 3 






k — l,n — 5 


AHi + 2# 2 + H 3 + H 4 


Hi + H 2 + AH 3 


Hi + 2H 2 
Hi + 7H 2 
3Hi + H 2 
Hi + 6H 4 


5#i 


A; = 2,n = 5 


Hi + H 2 + H 3 + H 4 


H1 + H2 + 9H 3 


AHi + 3H 2 






2H t + 3# 2 + H 3 + H 4 


Hi + 3i?2 + -^3 


8H1 + H 2 






H 1 + H 2 + H 3 + 6H 4 


Hi + 8i7 2 + if 3 

2Hi + H 2 + 2H 3 

3Hi + H 2 + 5H 3 

3Hi + 2H 2 + H 3 

5Hi + H 2 + H 3 


Hi + H 4 





TABLE 2. Symmetric canonical elements for SU(ra), with n < 5. 



We describe how to construct, for ra = 4, fc = 2 and £1 = 2iJi + H2 = 2E\ — E 3 — E 4 , all the 
extended solutions W^ : M \ D ->■ C/^(SU(4)). We have 7^ = A _1 (7r 3 + 7r 4 ) + tt 2 + A 2 7ri and, 
consequently, 



Ufr(Wfr) = A- 2 (5 4 x © B\) + (5] © 5 1 © B\) + A(B] © B\ © 5 2 x ) + A 2 # 



4 



where each vector subbundle 5/ has rank one. The harmonic map associated to this S 1 - 
invariant extended solution is given by tfi = t^b 1 ®b 1 ~ ^BleB 1 - So, take meromorphic sections 
Si, s 2 ,Wi,W2 of C 4 and set B 3 © B 4 = Span{s!, s 2 }. Assuming that this vector bundle is not 
constant, X^ = Span{A -1 Si + Au>i, A -1 s 2 +Atu 2 } will be a Frenet frame for an extended solution 
with values in C/?(SU(4)). Moreover, all such extended solutions, with B 3 © B 4 not constant, 
arise in this way. 

Consider also the case n = 4, k = 2 and £ 2 = Hi + H 3 — E\ — E 4 . We have 7,^ = 
A _1 7r4+(7r 3 ©7r 2 ) + A7ri and, consequently, u^ 2 (W^ 2 ) = A" 1 Bl+Bl@Bl®Bl + \H\. The harmonic 
map associated to this S 1 -invariant extended solution is given by (p 2 = / Kb 2 ®b 2 —7Tb 2 ^b 2 - Observe 
that, in this case, we only have ^-invariant extended solutions since C/?(SU(4)) = Q&. 
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